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The motion of a slightly raref ied  gas (K << 1, where K is the Knudsen number) around highly 
heated bodies is examined. On the assumption that the charac te r i s t ic  macroscopic  veloci ty 
of gas motion generated during contact  with a highly heated body is on the o rde r  of or  much 
grea te r  than the veloci ty of the impinging s t ream,  the corresponding hydrodynamic equations 
are  derived f rom Boltzmann's  equation by Hl lber t ' s  method [1]. A qualitative study is made 
of the region of applicability of the equations obtained. A c l a s s  of flows of a continuous medi-  
um in which the charac te r i s t i c  change in enthalpy is much l a rge r  than the charac te r i s t i c  
kinetic energy was studied in [2]. The Nav ie r -S tokes  equations with boundary conditions of 
adhesion proved to be inadequate for a description of these flows since it was already neces -  
sa ry  in the f i rs t  basic approximation to take into account par t  of the Barnett  t e rms  and sl ip- 
page. The authors of [2] suggest using simplified Barnett equations with the condition of 
creep,  with the Barnett  t e r m s  being on the same order  as the inertial and Nav ie r -S tokes  
t e rms .  On the other hand, it is known that the Barnett  equations are derived on the assump-  
tion that the additional t e rms  are  small  in compar ison with the Nav ie r -S tokes  and Eulerian 
te rms .  This makes it desirable to obtain equations describtng this c lass  of flows direct ly  
f rom Boltzmann's  equation. 

1. As shown in [3], the motion of a gas around highly heated bodies must be c lass i f ied as a function 
of the pa rame te r  

w = u=/u o (I.i) 

where u 0 is the charac te r i s t i c  velocity of the macroscopic  gas motion produced during contact  with the 
highly heated body and u ~  is the velocity of the impinging s t ream.  

Simple es t imates  show that u 0 ~ s where v is the kinematic coefficient of viscosi ty ,  L is the 
charac te r i s t i c  l inear  dimension of the body around which the flow occurs ,  s ~ A T / T  <- o (1), and AT is 
the charac te r i s t i c  tempera ture  drop. 

When w >~ 1 the gas motion is described by the u sua lNav ie r -S tokesequa t ions  [3]. 

The flows of a continuous medium when w ~ 1 and w << 1 are  of interest.  In this case the c h a r a c t e r i s -  
tic veloci ty  of the motion proves  to be on the o rde r  of u0, and the Reynolds number can be est imated in the 
following way: 

Re = uoLA, ~ e (1.2) 

In addition, e >> M~o 2, where M.o is the Mach number of the impinging s t ream.  The Bol tzmann 's  
equation for  this c l a s s  of flows has the usual form [41 

K (eliOt + ~ O]IOx~) = J (], 10 (1.3) 
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We wi l l  s e e k  a so lu t ion  f o r  Eq.  (1.3) in the f o r m  

] = co) + K/a) A- K~fi ~) -4- ... (1.4) 

Subs t i tu t ing  (1.4) Into (1.3) and c o l l e c t i n g  t e r m s  with the s a m e  p o w e r s  of  K we obta in  the  r e c u r r e n t  
s y s t e m  of equa t ions  

j (](o), ~0)) = 0 

01(o) 0/(o) 
2J (f '),  ./(o)) = ~ + ~_ az i (1.5) 

( . .  ,,o,> = + _ ,  ( . .  2J 

. . . .  . . . . . . . . . . . . . . . . . . . . . .  . . . . ~ 

We d e t e r m i n e  the f i r s t  f ive m o m e n t s  of  the  d i s t r i bu t ion  funct ion in the  fol lowing way:  

p = p(o) + Kp(1) + K2p(2) _~_ ... 

u~ = , K ~  1) -4- K~u~ 2) + ... 
p = pro) , K2p(2) _L T KP (I) + . . . .  

(1.6) 

The d i s t r i bu t ion  funct ion of the null  a p p r o x i m a t i o n  is  l oca l ly  Maxwel l ian ,  with 

p(O)= ~](o,d~, p'O)ui(O' = I~ J lo ,~  = O, 3pro' = f ~./(o) d~ (1.7) 

F o r  so lvab i l i t y  of the  next i n t e g r a l  equa t ion  of s y s t e m  (1.5) the fo l lowing condi t ion  mus t  be sa t i s f i ed :  

[ al (~ al(O). 
(1.8) 

(r=0,1,2,3,4;  ~0=t ;  ,i~i=[i, i = t , 2 , 3 ;  ~4=~2) 

F r o m  th is ,  t ak ing  (1.7) into account ,  we obtain  

0p(O) Op(o) ap(o) 
at = 0 '  T = 0 ,  ax i = 0  (1.9) 

We s e e k  the solut ion  of the  i n t eg ra l  equa t ion  d e t e r m i n i n g  f (1) u s ing  the w e l l - k n o w n  me thod  of  [5] 

4 

](,) = _ ~ f(o) i2BY(on,/, A ([) [i a In T (~ ._[_ 2 }g~ 
p(O) J ~ �9 ax i ,'=o (i.i0) 

T(O) p(o7 

w h e r e  R is  the gas  c o n s t a n t  and y (1 )  a r e  c e r t a i n  func t ions  of x and t, r =0, 1, 2, 3, 4. 

In p a r t i c u l a r ,  f o r  Maxwel l ian  m o l e c u l e s  

3~(o) 

w h e r e  ~(0) is  the coe f f i c i en t  of  v i s c o s i t y  of  the null  a p p r o x i m a t i o n ,  so  that/z(~ ~ T(~ 

F r o m  the condi t ion of so lvab i l i t y  of  the i n t e g r a l  equa t ion  fo r  the  d i s t r i bu t ion  funct ion of the  second  
a p p r o x i m a t i o n  we obta in  a s y s t e m  of equa t ions  which  p ( 0  u i ( 0  and p(1) m u s t  s a t i s fy :  

89(I) ap(~ aui(1) 
at + az i =0, at + - - - -  

~ + +  p(~ aui(1) a - ~  + a--~----aq~1) 0 

t ap (1) 
p(O) axi = 0, (1.11) 
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Here  the heat-flux vec to r  qi (1) of the f i r s t  approximation is calculated f rom the distribution function 
(1.101 

q6,> = _ %(o> a7(o)/ozi (1.12) 

where X (~ is the coefficient  of t he rma l  conductivity of the null approximation. 

The conditions of solvabili ty of the integral  equation for  f(31 lead to the sys tem of equations 

Op (~> , 0 (o(~)u~ o-) + p(O)ui('~) I = 0 
O~ ' Ox i ' 

p(o) Our(~) ..~ p(O)ut(l ) Our(Z) p(1) Op(1) Op(~) Oprl (2) 
o, ox, o, r + + = o ( 1 . 1 3 1  

Op (~) 0 (p(O)ui(2) _~_ p(Uui(1) ) 2_ ~ ,(o) Oui(2) 2 Oui(t) 2 Oqi(~) 

The s t r e s s  t ensor  p!.2) and the heat-flux vec to r  q,(2) of the second approximation are  de termined from 
the function f(~). The inte~ralZ equation for  f(21 is solved' by the met.hod of expansion by Sonine polynomials 
[6]. As a resul t  we find 

p~j(2)= _2~(o )x /Ou i (~ ,_L  I(~ ~(o)~ ,.O2r(o)., " " ~(o)2 _Or(o> or(o) 

qi(,) = -- La) aT(~ - -  ~L(o) arm (1.14) 
Oz i Ox i 

For  Maxwellinn molecules  X (1) = X(~176 K~ and K 2 are  constants.  

In the par t i cu la r  case  of s ta t ionary gas motion Eqs. (1.9), (1.11), and (1.13) are  reduced to the sys tem 
of equations 

OP(~ O, aP(~ 
Oz i Ox i 

�9 5 p(0) 0@I) Oq~O.) _ 0 
- 

(1) ,~,(2) OD(31 
p ( o ) u , . ( 1 )  _~_ ant -1- ~ r  - , r  _ _  

" Oz. r - -"~xl  "~-'~r - - 0  

(1.15) 

Since the slippage veloci ty  caused by the t empera tu re  gradient at the wall is of a p r i m a r y  o rde r  of 
magnitude, as the boundary conditions at the wall for  the sys tem (1.15} one must take the condition of c r eep  

p(o) OTto) (1.161 

where  n and r a re  the normal  and tangent to the surface ,  and/? is a constant.  The slippage veloci ty  caused 
by the t r a n s v e r s e  veloci ty  gradient and the t empera tu re  drop at the surface a re  of a much smal le r  o rde r  
(according to the Knudsen number) than the p r i m a r y  veloci ty  and t empera tu re ,  respect ively .  

Then, just as  in [2], one can show that the cha rac te r i s t i c  drop P ~  (P~])=p~])+ p(2)6 i j ) a c r o s s  the 

Knudsen l aye r  is on the o rde r  of K 3, while the drop q l) is on the o rd e r  of K 2, and the cha rac t e r i s t i c  va r i a -  
t ions of these values  in the s t r eam are  on the o rd e r  of K 2 and K, respect ively .  There fo re ,  the var ia t ion  of 
p~21 and q0) in the Knudsen l aye r  can be neglected tj l 

2. The solutions of the system of equations (1.151 differ  in general  f rom the solutions of the s impl i -  
fied Barnet t  equations which are  used in [2]. 

Let  us examine,  for  example,  the motion of an incompress ib le  gas. In this case ,  because ap(~  = 
0, the t e r m s  in p(21 connected with t empera tu re  gradients  become equal to zero  and the momentum equa-  

ij 
t ion of sys tem (1.151 is reduced to the Nav i e r -S to k es  equation. Moreover ,  in solving this problem by the 
Chapman-  Enskog method, i .e . ,  using the Barnet t  equations, the t e r m s  connected with t empera tu re  gradients  
remain ,  and moreover ,  in a number of problems they are  the la rges t  t e rms .  

6 4 8  



The solut ions of s y s t e m  (1.15) will d i f fer  f r o m  the solut ions of the Barne t t  equations for  the p rob lem 
of the motion of a gas  around an unevenly heated body with e ~ 1 and l a rge  wa l l - t empe ra tu r e  gradients ,  
VT w ~ 1. If e ~ 1 but VT w <<1, the solution of s y s t e m  (1.15) and of the Barne t t  equations leads  to the 
same re su l t s .  

The HUbert  and C h a p m a n - E n s k o g  methods  a lso  lead to the same  r e s u l t s  in a study of gas  flows 
around un i formly  heated bodies  when the wall  t e m p e r a t u r e  d i f fe rs  l i t t le f rom the t e m p e r a t u r e  of the 
impinging s t r e a m .  

Thus the Hi lber t  method leads  to the s a m e  r e s u l t s  as  the C h a p m a n - E n s k o g  method in the ca se  of 
smal l  t e m p e r a t u r e  grad ien ts .  

It is usual ly  a s s u m e d  [4] that  in the Hl lber t  method the number  of boundary condit ions in the c o r r e -  
sponding hydrodynamic  equations does not depend on the o r d e r  of the approximat ion  and is the same as  fo r  
E u l e r ' s  equations,  whe rea s  in the C h a p m a n - E n s k o g  method the number  of these  boundary  conditions can 
inc rease  with a growth in the num ber  of approx imat ions .  Nei ther  of these  a s sumpt ions  is con f i rmed  in the 
study of the p re sen t  p rob lem.  Because  of the degene racy  of the p r o b l e m  the same  number  of boundary con-  
dit ions a r e  needed for  the solution of the s impl i f ied  Barnet t  equations as  for  the N a v i e r - S t o k e s  equations.  
On the o ther  hand, E u l e r ' s  equations in H t l b e r t ' s  method do not give the flow any concre te  definition. The 
same  number  of boundary condit ions as  in the C h a p m a n - E n s k o g  method a r e  requ i red  in using the second 
approximat ion  [ sys tem (1.15)]. 

The author  thanks V. V. S t ruminski i  and V. N. Zhigulev for  d i scuss ion  of the work.  
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